The generic real (β = 1) and complex (β = 2) two-qubit states are 9-dimensional and 15-dimensional in nature, respectively. The total volumes of the spaces they occupy with respect to the Hilbert-Schmidt and Bures metrics are obtainable as special cases of formulas ofŻyczkowski and Sommers. We claim that if one could determine certain metric-independent 3-dimensional "eigenvalue-parameterized separability functions" (EPSFs), S
I. INTRODUCTION
In a pair of major, skillful papers, using concepts of random matrix theory,Życzkowski and Sommers were able to obtain exact formulas for the total volumes-both in terms of the Hilbert-Schmidt (HS) metric [1] and Bures (minimal monotone) metric [2] -of the (N 2 − 1)-dimensional convex set of N × N complex density matrices and the ((N 2 + N − 2)/2)-dimensional convex set of N × N real density matrices, representing N -level quantum systems (cf. [3] [4, secs. 14.3, 14.4]). In two recent studies, we have been interested in the question of how to modify/truncate, in some natural manner (by multiplying certain integrands by relevant functions), these formulas ofŻyczkowski and Sommers, so that they will yield not total volumes, but only the (lesser, strictly included) volumes occupied by the separable/nonentangled states [5, 6] (cf. [7] ). We will below report some interesting progress in this regard, in relation to the two-qubit (N = 4) states.
To begin, we present two parallel formulas from [1] and [2] for certain generalized normalization constants (C 
and for the Bures case [2, eq. (3.19) ] (cf. [4, eq. (14. 46)]),
The λ's are the N (nonnegative) eigenvalues-constrained to sum to 1-of the corresponding N ×N density matrices, while the parameter β is a "Dyson index", with β = 1 corresponding to the real case, and β = 2, the complex case (and β = 4, the quaternionic case, not explicitly discussed in [1, 2] ). The parameter α will be equal to 1 for the case-of immediate interest to us here-of generically nondegenerate density matrices.
A. Objective
Our goal, in overall terms, is to find metric-independent (separability) functions,
which, if inserted into formulas (1) and (2) under the integral signs, as simple multiplicative factors, will yield separable-rather than total-volumes when the resulting modified C α,β N 's are employed in exactly the same auxiliary computations (involving flag manifolds) in [1] and [2] as the C α,β N 's given by (1) and (2) were there. More specifically here, our numerical analyses will be restricted to the N = 4 and β = 2 (complex) and β = 1 (real) cases.
Our metric-independent goal is plausible for the following reason. Precisely the same preliminary integrations-respecting the separability constraints-over the non-eigenvalue parameters [possibly, Euler angles [8] [6, App. I]] must be performed for both metrics before arriving at the stage at which we must concern ourselves with the remaining integration over the eigenvalues and the differences that are now clearly apparent between metrics in their corresponding measures over the simplex of eigenvalues. Although we are not able to explicitly/symbolically determine what the results of these preliminary integrations might be (the computational challenges are certainly considerable), they must-whatever form they may take-obviously be the same for both metrics in question. Our goal here is to understand-with the assistance of numerical methods-what functional forms these preliminary (12-dimensional in the complex case, and 9-dimensional in the real case) integrations yield.
B. Maximal concurrence and absolute separability
The further narrower specific focus of this study will be to explore the possibility that there exists a functional relationship of the form,
where σ (β) (x) are some unknown univariate (one-dimensional) functions and
is the maximal concurrence over spectral orbits of two-qubit density matrices [9, sec. VII] [10, 11] .
For two-qubit states, C ∈ [0, 1], with C = 0 corresponding to the absolutely separable states. That is, no density matrix with C = 0 can be nonseparable/entangled [12] . (In a recent study, we were able to obtain exact expressions-involving the tetrahedral dihedral angle cos 
C. Motivation
Certainly part of our motivation for advancing the ansatz (4) was that an analogous modeling of a trivariate function in terms of a univariate function was found to hold-making use of the Bloore (correlation coefficient) parameterization of density matrices [13] -for diagonalentry-parameterized separability functions [14, eq. (6)] [15] . This led to substantial insightsand exact conjectures ( (5), we also carried out a fully parallel set of computations using the related variable,
Those results, however, seemed comparatively disappointing in their predictive power, so we do not detail them here.) 5
B. Evaluation of numerical results
Let us now appraise our estimated functions (Fig. 1) by seeing how well they are able to reproduce previous related results, themselves based on very extensive analyses (mostly involving quasi-Monte Carlo integration also).
Complex case
Use of the complex (β = 2) function in Fig. 1 Bures separability probability estimate yielded is 0.0692753, while our conjectured value is
Real case
Passing to the real (β = 1) case, we had previously formulated the conjecture that the HS separability probability is , but amplify the complex (red) curve by a factor of 2.8. We perceive a very close similarity in shape.
D. Additional discontinuities
In Fig. 3 we show the derivatives with respect to C of the estimates of σ (β) (C). (Fig. 4 is a plot of the same two curves, except that we have now added 10 to the derivative in the real case and subtracted 10 in the complex case, so that the discontinuities can be more readily distinguished and compared.) In addition to the already-discussed behavior at . The point C = 51 500 = 0.102 may also be a discontinuity, at least in the complex case. We could detect no apparent spikes/discontinuities in the upper half-range, C ∈ [
, 1].
(In a somewhat analogous study of two-qubit three-parameter HS separability probabilities, intricate piecewise continuous behavior [involving the golden ratio] was observed [19, eq. (37) and Fig. 11 ].)
In Fig. 5 we show the segments of the estimated functions σ (β) (C) between the two discontinuities, 
E. Supplementary analyses
Since the completion of the extensive numerical analyses described above, we have undertaken supplementary, parallel analyses in which 5,000 (rather than 500) subintervals of C ∈ [0, 1] are employed, as well as an improved method is used for sampling random eigenvalues with fixed values of C (using the Mathematica FindInstance command, now with a random seed). These results so far seem largely consistent with those already described. rough in character to detect the presence of any secondary (non-jump) discontinuities. But, even at this stage (having tested 30,400 times the separability of 4,999 complex density matrices, and 28,100 times the separability of 4,999 real density matrices), we can produce the interesting counterpart (Fig. 6) to Fig. 2 , in which the two jumps near C = We have principally studied above the possibility (4) that the ostensibly trivariate twoqubit eigenvalue-separability functions can be equivalently expressed as univariate functions of only a single variable, that is, the maximal concurrence C over spectral orbits [9] . Since we have unfortunately not been able to fully formally resolve this issue-although our supporting evidence for this proposition is intriguing-we can not also presently fully eliminate the possi-bility that one or even two (yet unspecified) variables supplemental to C are, in fact, needed, and that the corresponding separability function is not in fact strictly univariate in nature (as we do know it definitely is the case with the two-qubit diagonal-entry-parameterized separability functions [15] ).
It presently appears somewhat problematical to extend the line of analysis above to the qubit-qutrit (N = 6) case. In addition, to simply the greatly increased computational burden that would be involved, there does not seem to be a maximal concurrence formula comparable to the two-qubit one (5) with the requisite properties we have utilized [9, p.
102108-16].
We have examined the relationship between separability and entanglement in a specific analytical setting-involving eigenvalue-parameterized separability functions and the use of theŻyczkowski-Sommers formulas [1, 2] for the total Hilbert-Schmidt and Bures volumes of the N × N density matrices. A number of studies of Batle, Casas, A. Plastino and A.
R. Plastino (for example, [20] ) have also focused on the relationship between separability and entanglement, but in somewhat different analytical frameworks (typically involving the ZHSL measure [7] , which is uniform over the eigenvalue simplex). The closest we can come, it seems, to a direct comparison with their analyses, is to note that the dot-dashed curve in Fig.   2 of [20] is based on the Hilbert-Schmidt metric, and their x-axis is the Bures distance, while we have employed the maximal concurrence C on the x-axis in the somewhat comparable Fig. 1 above (cf. [21] ). Both theirs and our plots are, in general, downward-decreasing, but theirs gives no indication of any discontinuities. Also, their plot is of the separability probability, while ours is of the (presumed univariate) eigenvalue-parameterized separability function, to be used in the computation of the probability.
